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LOGARITHMIC ORBIFOLD EULER NUMBERS
OF SURFACES WITH APPLICATIONS
Adrian Langer
0. Introduction
If X is a quasiprojective variety with only isolated quotient singularities then
one can define an orbifold Euler number of X as
eorb(X) = etop(X)−
∑
x∈SingX
(
1− 1
r(x)
)
,
where r(x) is the order of the local fundamental group around x. It is well known
that the orbifold Euler number computes the top orbifold Chern class of the double
dual of the sheaf of regular 1-forms. Similarly, using local uniformizations, one can
introduce an orbifold Euler number for a log canonical surface pair consisting of a
normal surface and a reduced Weil divisor on it, or more generally for a log canonical
surface pair consisting of a normal surface with a fractional Q-divisor. This number
measures a second Chern class of a suitably defined logarithmic orbifold vector
bundle (or a Q-vector bundle etc.).
In this paper we introduce an orbifold Euler number for any surface pair con-
sisting of a normal surface X and a Q-divisor D on it and we interpret it as a
second Chern class of a reflexive sheaf of rational 1-forms with at most log poles
along the Q-divisor D. The logarithmic ramification formula for finite maps and
the multiplicativity of Chern classes of reflexive sheaves on normal surfaces imply
the “proportionality theorem” (see Corollary 3.7), generalizing some earlier results
by Holzapfel (see [Hz]). A computation of the orbifold Euler number when X is
smooth and D is reduced leads to a simple proof of a necessary condition for the
logarithmic comparison theorem (see Section 6). This recovers an earlier result by
Caldero´n-Moreno, Castro-Jime´nez, Mond and Narva´ez-Macarro (see [CCMN]).
However the main reason to introduce orbifold Euler numbers is the following
generalization of the Bogomolov–Miyaoka–Yau inequality:
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2 ADRIAN LANGER
Theorem 0.1. Let X be a normal projective surface with a Q-divisor D =
∑
aiDi,
0 ≤ ai ≤ 1. Assume that the pair (X,D) is log canonical and a multiple of KX +D
is effective. Then
3eorb(X,D) ≥ (KX +D)2.
Moreover, if equality holds then KX +D is nef.
This theorem answers all the open questions posed by Megyesi in [Me2], 6.2. It
is different from previously known results [Mi1], [Mi2], [Kob], [KNS], [Wa3], [Me1],
[Me2], [La3] in the fact that we do not assume that the coefficients of D are of a
special form, e.g., 1 − 1
n
. This condition imposed very strong restrictions on the
support of D restricting applications to curves with “nice” singularities like nodes
in smooth surfaces (see [Ti], Theorems 2.7–2.9, [LM], Theorem 3).
The global orbifold Euler number eorb(X,D) of the pair (X,D =
∑
aiDi) is
defined using local orbifold Euler numbers by
eorb(X,D) = etop(X)−
∑
aietop(Di−Sing(X,D))+
∑
x∈Sing(X,D)
(eorb(x;X,D)−1).
In applications of Theorem 0.1 the following properties of local orbifold Euler num-
bers play a crucial role:
(0.2.1) If (X, x) is not a quotient singularity and (X,D) is log canonical at x then
eorb(x;X,D) = 0.
(0.2.2) If (X, x) is a quotient singularity, π: (C2, 0)→ (X, x) is a finite map unramified
away from x and KC2 +D
′ = π∗(KX +D) then
eorb(x;X,D) =
1
deg π
· eorb(0;C2, D′).
(0.2.3) If (C2, D) is lc at 0 and mult0D denotes the multiplicity of D in 0 (i.e., a
sum of multiplicities of irreducible components Di counted with appropriate
multiplicities) then
eorb(0;C
2, D) ≤
(
1− mult0 D
2
)2
.
In particular, these properties imply that eorb(x;X,D) ≤ 1 for any lc pair (X,D).
As a corollary we also get the following result:
Theorem 0.3. Let D =
∑
aiDi be an effective Q-divisor on a smooth projective
surface X, where Di are distinct irreducible curves on X. Assume that (X,D) is
log canonical and a multiple of KX +D is effective. Let mP be the multiplicity of
D at P , SingD the set of all singular points of the support of D, rP,i the number
of analytic branches of Di passing through P and g(Di) the geometric genus of Di.
Set rP =
∑
P∈SingD airP,i. Then
(KX +D)
2 ≤ 3
c2(X) +∑ ai(2g(Di)− 2) + ∑
P∈SingD
(
rP −mP + m
2
P
4
) .
This theorem generalizes [Ti], Theorem 2.7 (its naive generalization was conjec-
tured in [Ti], Remark after Theorem 2.7) and [LM], Theorem 4. Let us also note
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that (X,D) is canonical, and in particular lc, if mP ≤ 1 at each singular point
P of D (see [Kol], Exercise 3.14). Moreover, if (X,D) is log canonical (lc) then
mP ≤ 2 (by a simple computation on the blow up at x; see also [Kol], Lemma 8.10).
Equality mP = 2 can hold, e.g., if the support of D has an ordinary singularity at
x.
The inequalities obtained in Theorems 0.1 and 0.3 are sharp in the sense that
equality holds for infinitely many curves with arbitrarily high multiplicity of singular
points (see Example 11.3.2). These examples are not connected to ball quotients as
in the usual Bogomolov–Miyaoka–Yau inequality. However, even in our case these
inequalities should reflect the existence of an approximate singular Ka¨hler–Einstein
metric on the universal orbifold covering of the pair (X,D), with equality being
equivalent to constant bisectional curvature (or to flatness of the corresponding
Higgs bundle). Our method, being algebraic, gives no insight into this type of
problems.
By Theorem 0.1 if K2X = 3c2(X) > 0 and a multiple of KX is effective then KX
is nef and big. If we apply Theorem 0.3 for any irreducible curve C then we get
2KXC ≤ 6g(C)− 6 +
∑
P∈SingC
3(rP −mP ),
where rP is the number of analytic branches of C at P and mP is the multiplicity
of C at P . Since rP ≤ mP the last inequality implies KXC ≤ 3g(C) − 3. In
particular, X does not contain (−2)-curves and hence KX is ample. Moreover, X
does not contain rational and elliptic curves (even singular).
More generally, application of our results to curves in surfaces of general type
leads to effective versions of Bogomolov’s result on boundedness of rational curves
in surfaces of general type with c21 > c2. For precise results and the history of the
problem we refer to Section 10. Another application leads to better than previously
known bounds on singularities of plane curves with simple or ordinary singularities,
e.g, for arrangements of lines, conics etc. (see Section 11).
Theorem 0.1 is obtained in the same way as in [La3] except that we need the
logarithmic ramification formula for all log canonical pairs. This formula (see Theo-
rem 4.9) can be thought of as a generalization to all log canonical pairs of Deligne’s
result about closedness of logarithmic forms for normal crossing divisors on smooth
varieties. It also implies the Bogomolov–Sommese type vanishing theorem for all
log canonical pairs (see Theorem 4.11), which is the main ingredient of the proof
of Theorem 0.1. This part of the paper works in any dimension and it is closely re-
lated to the problem of characterization of log canonical pairs in terms of symmetric
powers of logarithmic forms with poles along a Q-divisor (see 4.1–4.7).
A large part of the paper is devoted to the study of local orbifold Euler numbers.
These invariants of local surface pairs cannot be computed from the graph of the
minimal resolution and therefore they are only analytic and not topological invari-
ants. However, we can compute these invariants, e.g., if the support of a Q-divisor
has only ordinary singularities (see Section 8) or for log canonical pairs “with at
most fractional boundary” (see Section 9).
As we already noted the local orbifold Euler numbers are particularly well be-
haved for log canonical pairs. If a surface germ (X, x) is Kawamata log terminal
then the log canonical threshold of a divisor D on (X, x) should correspond to the
minimal α for which the local orbifold Euler number of (X,αD) at x vanishes.
4 ADRIAN LANGER
The structure of the paper is as follows. In Section 1 we introduce local relative
Chern numbers and list some of their properties. Section 2 is devoted to virtual
sheaves of logarithmic 1-forms with poles along Q-divisors. In Section 3 we intro-
duce local and global orbifold Euler numbers and we interpret them as top Chern
numbers of the sheaf of rational 1-forms with at most log poles. In Section 4 we
prove the logarithmic ramification formula for log canonical pairs and the corre-
sponding Bogomolov–Sommese type vanishing theorem. This leads to Theorems 0.1
and 0.3 in Section 5. In Section 6 we compute orbifold Euler numbers for reduced
divisors on smooth surfaces and apply them to study logarithmic cohomology of
open surfaces. Sections 7, 8 and 9 are devoted to properties and to computation
of local orbifold Euler numbers. These results are applied in Sections 10 and 11 to
study plane curves and curves in surfaces of general type.
Disclaimer: our invariants and their construction have no obvious connection
with the stringy orbifold Euler numbers introduced by Batyrev, Totaro, Borisov
and Libgober. In fact, their stringy orbifold Euler numbers can be computed from
the resolution graph and therefore they are topological invariants of the underlying
pair.
Notation.
A Q-divisor D =
∑
diDi with Di distinct prime divisors is called a boundary
if 0 ≤ di ≤ 1 for all i. If f :Y → X is a birational map then f−1D stands for the
strict transform of D.
A resolution of singularities f : X˜ → X is called a log resolution of the pair (X,D)
if the exceptional divisor and the strict transform of D have normal crossings. Let
Ei be the exceptional divisors. Write
KX˜ + f
−1D +
∑
Ei = f
∗(KX +D) +
∑
aiEi.
A surface X with boundary D =
∑
diDi is called log canonical (log terminal; klt)
if for any log resolution f : X˜ → X of (X,D) we have ai ≥ 0 (ai > 0; ai > 0 and
di < 1, respectively) for all i.
We say that (X,D) has a fractional boundary if all the coefficients ofD are of the
form 1−1/m, where m ∈ N∪∞. A log canonical pair (X,D) has at most fractional
boundary if there exists a log canonical pair (X,D′) with fractional boundary and
such that D′ ≥ D.
Finally, SˆnF denotes the double dual of the n-th symmetric power of F .
1. Preliminaries
In this preliminary section we recall and extend a definition of local relative
Chern numbers, and we show their basic properties. First, we need the following
frequently used auxiliary definition.
Definition 1.1. A square is a commutative diagram
Y˜
g−−−−→ Yyp˜i ypi
X˜
f−−−−→ X
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in which
1. X, X˜, Y and Y˜ are normal surfaces (not necessarily complete),
2. all the maps are proper,
3. f and g are birational,
4. π and π˜ are finite.
Let (X, x) be a germ of a normal surface singularity and f : (X˜, E)→ (X, x) any
resolution of (X, x).
Definition 1.2. ([Wa2, (3.1)]) For a vector bundle F on X˜ we define the modified
Euler characteristic by
χ(x,F) = dim ((f∗F)∗∗/f∗F) + dimR1f∗F .
Definition 1.3. Let F be a rank 2 vector bundle on (X˜, E).
(1) The first Chern class c1(x,F) is an f -exceptional Q-divisor whose intersection
with any f -exceptional divisor F is equal to the degree of F|F .
(2) The second RR Chern class of F is defined by
c2(x,F) = 1
4
c1(x,F)2 + 3
4
lim inf
n→∞
χ(x, S2nF(−n detF))
n3
.
The notation used in this paper differs from that used in [Wa2], [La1], [La2] and
[La3]: we write c2(x,F) instead of c′2(x,F). The reason is that in this paper we do
not use Wahl’s definition of second local Chern class.
If f :Y → X is a birational proper morphism from a smooth surface Y to a
normal surface X and F is a vector bundle on Y then we set
χ(f,F) =
∑
x∈{y∈X:dim f−1(y)>0}
χ(x,F)
and
ci(f,F) =
∑
x∈{y∈X:dim f−1(y)>0}
ci(x,F)
for i = 1, 2.
Lemma 1.4. Let g:Z → Y and f :Y → X be morphisms of normal surfaces and
F a reflexive sheaf on Z. Then
χ(fg,F) = χ(g,F) + χ(f,G),
where G = (g∗F)∗∗.
Proof. From the Leray spectral sequence Rpf∗(Rqg∗F) => Rp+q(fg)∗F one can
easily get an exact sequence
0→ R1f∗(g∗F)→ R1(fg)∗F → f∗(R1g∗F)→ 0.
On the other hand if H = G/g∗F then
0→ f∗(g∗F)→ f∗G → f∗H → R1f∗(g∗F)→ R1f∗G → 0.
Now the lemma follows from the above sequences by an easy calculation, Q.E.D.
In the following we need a generalization of relative local Chern classes to any
birational morphism.
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Definition–Proposition 1.5. Let fˆ : Xˆ → X be a proper birational map of normal
surfaces and let F be a reflexive sheaf on Xˆ. Let α: X˜ → Xˆ be a resolution of
singularities and set f = αfˆ . Take any vector bundle G on X˜ such that (α∗G)∗∗ =
F . Then the number
c2(fˆ ,F) = c2(f,G)− c2(α,G)
does not depend on the choice of α and G and we call it a relative second Chern
class of F with respect to f .
The above proposition follows easily from Lemma 1.4.
Theorem 1.6. If we have a square
Y˜
g−−−−→ Yyp˜i ypi
X˜
f−−−−→ X
then
c2((π˜
∗F)∗∗, g) = deg π · c2(F , f)
for any rank 2 reflexive sheaf F on X˜.
Proof. The proposition follows easily from the fact that the relative second Chern
class of vector bundles on smooth surfaces behaves multiplicatively under generi-
cally finite proper maps (see [La3], Theorem 1.5). Q.E.D.
Now we can introduce Chern classes of reflexive sheaves.
Definition–Proposition 1.7. (see [La2, Definition–Proposition 2.8]) Let E be a
rank 2 reflexive sheaf on a normal proper surface X. The first Chern class c1E of
E is the class of det E in WeilX. Let f :Y → X be any resolution of singularities
and F any vector bundle on Y such that (f∗F)∗∗ = E . Then the number
c2E = c2F − c2(f,F)
does not depend on the choice of f and F and we call it the second RR Chern
class of E .
For further properties of the above Chern classes we refer the reader to [Wa2],
[La1] and [La2, Section 2].
Theorem 1.8. (cf. [Wa2, Theorem 1.8]) Let E be a rank 2 vector bundle on a
smooth projective curve C and let N be a degree d > 0 line bundle. Set e = deg E
and
s = s(E) = max
( e
2
,max{degL:L ⊂ E}
)
.
Then ∑
i>0
h0(C, S2nE(−n det E − iN)) = n
3
6d
(2s− e)2 +O(n2).
Proof. If E is semistable then S2nE(−n det E − iN) is semistable of negative degree.
Hence h0(S2nE(−n det E − iN)) = 0 for i > 0 and the theorem follows.
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Now assume that E is unstable and let L ⊂ E be a line subbundle of maximal
degree degL = s. Set M = E/L. Taking sequences of symmetric powers of the
sequence
0→ L−→E −→M → 0
we get a filtration of S2nE(−n det E − iN) with quotients {(n− j)(M − L)− iN}.
Since deg(L−M) = 2s− e > 0 we get∑
i>0
h0(S2nE(−n det E − iN)) ≤
n∑
j=0
∑
i>0
h0(j(L−M)− iN).
By Lemma 1.9, [Wa2], the right hand side of this inequality is equal to
n∑
j=0
⌈
j(2s− e)− (2g − 2)
d
⌉(
j(2s− e)− d
2
⌈
j(2s− e)− (2g − 2)
d
⌉)
+O(j) =
=
n∑
j=1
j2
(2s− e)2
2d
+O(n2) =
n3
6d
(2s− e)2 +O(n2).
On the other hand
h0(S2nE(−n det E − iN)) ≥ h0(SδE((2n− δ)L− n det E − iN)).
Set δ = n− [ id+2g−12s−e ] for 0 < i ≤ n(2s−e)−(2g−1)d . Then
h0(SδE((2n− δ)L−n det E − iN)) = (δ+1)
(
eδ
2
+ (2s− e)n− sδ − id+ 1− g
)
=
= n2(s− e/2)− idn+ i2 d
2
2(2s− e) +O(n).
Summing over 0 < i ≤ n(2s−e)−(2g−1)
d
we get n
3
6d
(2s− e)2 +O(n2). Therefore∑
i>0
h0(S2nE(−n det E − iN)) ≥ n
3
6d
(2s− e)2 +O(n2),
which completes the proof.
This theorem is similar in statement and proof to Theorem 1.8, [Wa2]. It also fol-
lows quite easily from this theorem if we use Corollary 4.19, [La1] and Example 2.8
and Theorem 3.11, [Wa2]. However, in our case a direct proof is more transparent
than the original proof of Theorem 1.8, [Wa2].
As a particular case of the above theorem we get the following characterisation
of rank 2 semistable bundles:
Corollary 1.9. E is semistable if and only if∑
i>0
h0(C, S2nE(−n det E − iN)) = O(n2).
Theorem 1.10. ([Wa2], Example 2.8 and Theorem 3.11) Let X˜ be the total space
of a line bundle N−1 and let π: X˜ → C be a canonical projection. Let f : X˜ → X
be a contraction of the zero section of N−1. Then
c2(f, π
∗E) = −s(e− s)
d
.
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2. Logarithmic forms with poles along Q-divisors
In this section we introduce virtual sheaves of rational q-forms with log poles
along Q-divisors. They are used in the next section to define local and global
orbifold Euler numbers.
Let (X,D) be a normal projective variety with a Q-divisor D =
∑
aiDi, where
Di are distinct integral divisors and 0 ≤ ai ≤ 1. There exists a normal variety
Y and a finite dominant morphism π:Y → X such that π∗(aiDi) are integral
Weil divisors. Let U = X − Sing(X,D) − π(SingY ) and let j be an embedding
V = π−1(U) →֒ Y . First we define a vector bundle on V by setting
̂(π|U )∗ΩqU (logD|U ) =
q∧(π∗dz
t
OV + π∗ΩU
)
,
where z = 0 is a local equation of SuppD and t = 0 is a local equation of π∗D.
Definition 2.1. In this set up we define a pull back of OX -module of logarithmic
q-forms of X along D to Y as an OY -module
π̂∗ΩqX(logD) = j∗( ̂(π|U)∗ΩqU (logD|U )).
Lemma 2.2. π̂∗ΩqX(logD) is a reflexive sheaf.
Proof. By definition π̂∗ΩqX(logD) is of the form j∗F for some vector bundle F and
an inclusion j:V → Y such that Y − V is a closed subset of Y of codimension ≥ 2.
This implies that the sheaf π̂∗ΩqX(logD) is normal, i.e., one can extend its sections
defined outside a codimension ≥ 2 subset. Since it is also torsion free, it must be
reflexive, Q.E.D.
We include this simple lemma since the original proof of Saito ([Sai2], Corollary
1.7) works only for q = 1 and in the literature there still appear proofs of special
cases of the above lemma. Let us note that in much the same way as above one
can define a sheaf π̂∗DerX(logD) of pull backs of logarithmic vectors along the
Q-divisor D. Then π̂∗ΩqX(logD) ≃ HomOY (
∧q
π̂∗DerX(logD),OY ), since both
sheaves are reflexive and they are isomorphic in codimension 1.
Now let us change to the analytic category, which is completely analogous.
Let U be a domain in Cn and let D be a Q-divisor on U with support defined
by an equation h = 0, where h is holomorphic on U . Let π:V → U be a finite
holomorphic mapping from a normal analytic set V such that π∗D is a Cartier
divisor given by t = 0.
Lemma 2.3. (cf. [Sai2], (1.1)) Let ω be a meromorphic q-form on V (with poles
only along π∗D). Then the following conditions are equivalent:
(1) ω ∈ π̂∗ΩqU (logD),
(2) tω ∈ π∗ΩqU and ω ∧ π∗(dh) ∈ π∗Ωq+1U ,
(3) tω ∈ π∗ΩqU and π∗(h) · dω ∈ π∗Ωq+1U ,
(4) There exist a holomorphic function g on V , ξ ∈ π∗Ωq−1U and η ∈ π∗ΩqU such that
the set {z ∈ V : g(z) = t(z) = 0} has codimension at least 2 and
gω =
π∗(dh)
t
∧ ξ + η,
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(5) There exists an (n − 2)-dimensional analytic set A ⊂ Supp(π∗D) such that the
germ of ω at any point P ∈ Supp(π∗D)−A belongs to (pi∗(dh)
t
∧π∗Ωq−1U +π∗ΩqU )P .
We skip the proof, which is analogous to the proof of [Sai2], (1.1).
3. Orbifold Euler numbers
In this section we introduce local and global orbifold Euler numbers. Then we
prove that they compute top Chern numbers of corresponding sheaves of logarith-
mic 1-forms with poles (Theorem 3.6) and use this to prove the “proportionality
theorem” (Corollary 3.7).
Let (X, x) be a germ of a normal surface singularity and let D =
∑
aiDi be a
boundary Q-divisor on X . Let f : (X˜, E) → (X, x) be a log resolution of the pair
(X,D) at x, where E denotes a reduced scheme structure on the exceptional set of
f . Let us assume that there exists a finite proper map π: (Y, y) → (X, x) from a
normal surface Y such that π∗D is a Weil divisor (note that y = π−1(x) need not
be a point). Then we can construct a square
(Y˜ , F )
g−−−−→ (Y, y)yp˜i ypi
(X˜, E)
f−−−−→ (X, x).
If (X,D, x) is a germ of a quasi-projective surface with boundary then such a
map π always exists and we can assume that Y˜ is smooth (see Lemma 2.5, [La3]).
Indeed, by Kawamata’s covering lemma (see [KMM, Theorem 1-1-1]) there exists
a finite Galois covering π˜: Y˜ → X˜ such that Y˜ is smooth and π˜−1(D + E) is a
normal crossing Weil divisor. Then g: Y˜ → Y and π:Y → X come from the Stein
factorization of the composition fπ˜: Y˜ → X .
In the analytic case if we have a finite surjective map π between normal surface
singularities then taking an appropriate resolution f we can assume that Y˜ has at
most cyclic quotient singularities.
Definition 3.1. A local orbifold Euler number of the pair (X,D) at x is defined
by
eorb(x;X,D) = −c2(g,
̂˜π∗ΩX˜(log f−1D +E))
deg π
.
3.2. We will show that eorb(x;X,D) is well defined and it depends only on the
analytic type of (X,D) at x.
First note that this number does not depend on the choice of π. Indeed, if we
have two maps π1: (Y1, y1)→ (X, x) and π2: (Y2, y2)→ (X, x) then we can construct
π3: (Y3, y3) → (X, x) by taking the normalization of the fiber product Y1 ×X Y2.
Set Fi = ̂˜π∗iΩX˜(log f−1D + E) for i = 1, 2, 3. Then
c2(g2;F2) = 1
deg π1
c2(g3;F3) = deg π2
deg π1
c2(g1;F1),
which proves our claim.
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Now take any two log resolutions of the pair (X,D) at the point x. Since any
two log resolutions of (X,D) are dominated by a third one we can assume that
one resolution f2: (X˜2, E2)→ (X, x) dominates the other resolution f1: (X˜1, E1)→
(X, x). Actually, it is sufficient to prove the required equality of Chern classes if
the map α: (X˜2, E2) → (X˜1, E1) is a blow up at a single point. Let β: (Y˜2, F2) →
(Y˜1, F1) be the induced map and set Fi = ̂˜π∗iΩX˜(log f−1i D +E) for i = 1, 2. Then
(β∗F2)∗∗ = F1. Hence to prove that c2(g1,F1) = c2(g2,F2) it is sufficient to show
that c2(β,F2) = 0. This follows from the following lemma.
Lemma 3.3. Let L1 and L2 be two lines in X = C2 intersecting transversally at
x = 0. Assume that we have a square
(Y˜ , F )
g−−−−→ (Y, y)yp˜i ypi
(X˜, E)
f−−−−→ (X, x)
in which f is the blow up at x. Set D = L1 + aL2 for some 0 ≤ a ≤ 1 and assume
that π∗D is a Weil divisor. Then
c2(g; ̂˜π∗ΩX˜(log f−1D +E)) = 0.
Proof. It is sufficient to prove the lemma for one special map π. Let Y ⊂ C3 be a
cone over the curve an + bn + cn = 0 in P2 and define π:Y → X by π((a, b, c)) =
(an, bn). Using Lemma 8.4 one can see that
̂˜π∗ΩX˜(log f−1D + E) = OY˜ ⊕OY˜ (π˜∗(KX˜ + f−1D + E)).
Hence the second Chern class vanishes (e.g., by Theorem 1.10), Q.E.D.
Now we can easily define a global orbifold Euler number.
Definition 3.4. The orbifold Euler number of the pair consisting of a projective
surface X and a Q-divisor D is equal to
eorb(X,D) =etop(X − SingX − SuppD) +
∑
i
(1− ai)etop(Di − Sing(X,D))
+
∑
x∈Sing(X,D)
eorb(x;X,D).
Note that
eorb(X,D) = etop(X)−
∑
aietop(Di−Sing(X,D))+
∑
x∈Sing(X,D)
(eorb(x;X,D)−1).
The formula in Definition 3.4 is more complicated, because it shows how one should
think about the orbifold Euler number: smooth points of X not lying on D should
be counted as 1, smooth points of Di should be counted as 1−ai and the remaining
finite set of points should be counted as appropriate local orbifold Euler numbers.
This interpretation allows us to define orbifold Euler numbers of (X,D) for any
constructible subset of X .
ORBIFOLD EULER NUMBER 11
Definition 3.5. (see [La3], Definition 2.6) Let (X,D) be a surface with boundary
and π:Y → X any finite morphism such that π∗D is a Weil divisor. Then the
second Chern number of (X,D) is defined by
c2(X,D) = c2(Y, π̂∗ΩX(logD))/ deg π.
One can show that c2(X,D) can always be defined and that it does not depend
on the choice of π (see [La3]).
Theorem 3.6. If X is a projective surface and D a Q-divisor on X then
c2(X,D) = eorb(X,D).
Proof. Using Kawamata’s covering lemma we can construct a square
(Y˜ , F )
g−−−−→ Yyp˜i ypi
(X˜, E)
f−−−−→ X
in which π∗D is a Weil divisor and f , g are log resolutions of the pairs (X,D) and
(Y, π∗D), respectively. Then
(g∗(̂˜π∗ΩX˜(log(f−1D + E))))∗∗ = π̂∗ΩX(logD).
Hence by Definition-Proposition 1.7
(3.6.1) c2(X,D) = c2(X˜, f
−1D + E)− 1
deg π˜
c2(g, ̂˜π∗ΩX˜(log(f−1D + E))).
Let us compute the first term on the right hand side:
c2(X˜, f
−1D + E) = eorb(X˜, f−1D + E) = etop(X˜ − Sing(X˜, f−1D + E))+∑
i
(1− ai)etop(f−1Di − Sing(X˜, f−1D + E)) +
∑
j
(1− 1)etop(Ej − Sing(X˜, f−1D + E))
+
∑
x∈Sing(X˜,f−1D+E)
eorb(x; X˜, f
−1D + E).
We have etop(X˜ − Sing(X˜, f−1D + E)) = etop(X − Sing(X,D)). Since f−1Di ∩
f−1Dj = ∅ for i 6= j, we also have etop(f−1Di − Sing(X˜, f−1D + E)) = etop(Di −
Sing(X,D)). Moreover, eorb(x; X˜, f
−1D + E) = 0 for x ∈ Sing(X˜, f−1D + E) (by
Lemma 3.2). Therefore
c2(X˜, f
−1D+E) = etop(X−SingX−SuppD)+
∑
i
(1−ai)etop(Di−Sing(X,D)).
Since the last term in (3.6.1) is equal to
∑
x∈Sing(X,D) eorb(x;X,D), we get the
required equality, Q.E.D.
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Corollary 3.7. If π:Y → X is a finite proper morphism of normal proper surfaces
and KY +D
′ = π∗(KX +D) for some boundary Q-divisors then
eorb(Y,D
′) = deg π · eorb(X,D).
In particular, if B is the branch locus and R is the ramification locus of π then
eorb(Y,R) = deg π · eorb(X,B).
Proof. The corollary follows immediately from Theorems 1.6, 3.6 and the logarith-
mic ramification formula:
π̂∗ΩX(logD) = ΩY (logD′).
The last equality holds on each finite covering of Y on which both sheaves are
defined, Q.E.D.
3.8. Remarks.
1. Corollary 3.7, together with explicit formulas for local orbifold Euler numbers
(see Theorems 6.3, 8.3, 8.7, 9.4.2), allows us to compute changes of orbifold Euler
numbers for large classes of finite morphisms. In special cases we get results of
Holzapfel [Hz], who considered only locally simple cases, e.g., when the branch
locus is a normal crossing divisor (Proposition 9.3.1 is sufficient to deal with this
case).
2. If π:Y → X is a Galois covering then all the ramification indices over a fixed
component of the branch locus, say Bi, are equal (to bi). Then
eorb(Y ) = deg π · eorb(X,
∑(
1− 1
bi
)
Bi).
4. Logarithmic Ramification Formula and
a vanishing theorem for log canonical pairs
In 4.1–4.7 we study a conjectural characterization of log canonical pairs in terms
of symmetric powers of logarithmic 1-forms (it is also possible to extend it to
q-forms). However, the main aim of this section is a proof of the Logarithmic
Ramification Formula (Theorem 4.9) and a Bogomolov–Sommese type vanishing
theorem (Theorem 4.11) for log canonical pairs. These results are used in the next
section in the proof of inequalities between logarithmic orbifold Euler numbers.
Definition 4.1. Let (X,D) be a pair where X is a normal variety and D is a
boundary Q-divisor. Consider a square
Y˜
g−−−−→ Yyp˜i ypi
(X˜, E)
f−−−−→ X
such that π˜∗(f−1D+E) is a Weil divisor and X˜ is a log resolution of (X,D). The
pair (X,D) is called 1-log canonical (or 1-lc) if the sheaves g∗Sˆn ̂˜π∗ΩX˜(log f−1D + E)
ORBIFOLD EULER NUMBER 13
are reflexive for all n. If Z ⊂ X is a closed subvariety then (X,D) is called 1-log
canonical along Z if the pair (X,D) is 1-lc in an open neighbourhood of Z.
A smooth log pair is 1-lc by the logarithmic ramification formula. The condition
(X,D) log canonical is equivalent to the similar condition with 1-forms replaced by
m-forms, where m = dimX . It is not clear from the definition if it depends on the
choice of π:Y → X , so we fix π in further considerations. We will show that the
definition does not depend on the choice of resolution f .
Lemma 4.2. Set E = π̂∗ΩX(logD) and F = ̂˜π∗ΩX˜(log f−1D + E). The following
conditions are equivalent:
(1) g∗SˆnF is reflexive,
(2) g∗SˆnF = SˆnE ,
(3) (g∗SˆnE)∗∗ →֒ SˆnF ,
(4) (g∗(SˆnE))∗∗ →֒ π˜∗(SnΩX˜(log⌈f−1D⌉+ E)),
(5) There exists an analytic subset S of points on the g-exceptional divisor F which
has codimension at least 2 in Y˜ and such that for every ω ∈ SˆnE the germ of
g∗ω at any point P ∈ F − S belongs to (π˜∗SnΩX˜(logE))P .
Proof. The equivalence of (1) and (2) is clear. Since g∗((g∗SˆnE)∗∗) is reflexive
we get the equivalence of (2) and (3). Obviously, (3) implies (4) and (4) implies
(5). To prove that (3) implies (5) note that (g∗SˆnE)∗∗ is an OY˜ -submodule of n-th
symmetric power of meromorphic 1-forms on Y˜ generated by g∗ω for ω ∈ SˆnE .
Hence it is sufficient to prove that the germ of g∗ω belongs to (SˆnF)P,Y˜ for every
point P ∈ Y˜ . But this is true for P ∈ Y˜ − S, so also everywhere. Q.E.D.
Remark.
(1) For n = 1 conditions (3) and (4) can be thought of as a generalization of the
logarithmic ramification formula to the singular case.
(2) Condition (4) in the above lemma and the logarithmic ramification formula
say that we can check if (X,D) is 1-lc using only one fixed log resolution.
4.3. If we have a diagram
Z˜
h−−−−→ Zyϕ˜ yϕ
Y˜
g−−−−→ Yyp˜i ypi
(X˜, E)
f−−−−→ X
and h∗Sn ̂(π˜ϕ˜)
∗
ΩX˜(log f
−1D + E) is reflexive then g∗Sn ̂˜π∗ΩX˜(log f−1D +E) is
also reflexive. This follows from the fact that OX˜ is a direct summand of π˜∗OY˜
(see, e.g, [KM], Proposition 5.7).
Therefore to check if (X,D) satisfies (1) of Lemma 4.2 for all squares it is suffi-
cient to check the equivalent conditions of Lemma 4.2 for all maps Y → X which
factor through a given map. In particular, in the algebraic case we can use Kawa-
mata’s covering trick to assume that ̂˜π∗ΩX˜(log f−1D + E) is a locally free sheaf.
Moreover, we have the following lemma:
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Lemma 4.4. Let π:Y → X be a finite covering and KY +D′ = π∗(KX +D) for
some boundary divisors D and D′. Then (X,D) is 1-lc for all squares if and only
if (Y,D′) is 1-lc for all squares.
Proposition 4.5. Let (X,D) be a 1-lc pair and let π:Y → X be a finite map such
that π∗D is a Weil divisor. If a rank 1 reflexive sheaf L is contained in π̂∗ΩqX(logD)
then κ(Y,L) ≤ q.
Proof. Note F = π˜∗Ωq
X˜
(log⌈f−1D⌉+ E) is locally free and by Lemma 4.2 it con-
tains (g∗L)∗∗. Take a rank 1 reflexive subsheaf M of F containing (g∗L)∗∗ and
such that Q = F/M is torsion free. Passing to the resolution of singularities of Y˜
dominating the Nash blow up of Q we can assume that M and Q are locally free.
It follows that M⊗n is a subline bundle of SnF with a locally free quotient Qn.
Now we can use the diagram
0 −−−−→ H0(Y˜ ,M⊗n) −−−−→ H0(Y˜ , SnF) −−−−→ H0(Y˜ ,Qn)y y y
0 −−−−→ H0(Y˜ − F,M⊗n) −−−−→ H0(Y˜ − F, SnF) −−−−→ H0(Y˜ − F,Qn)
to deduce thatH0(Y˜ ,M⊗n) = H0(Y˜ −F,M⊗n) = H0(Y,L⊗n). Since κ(Y˜ ,M) ≤ q
by Theorem 4.10, we also get κ(Y,L) ≤ q, Q.E.D.
Proposition 4.6. Let (X,D) be a normal surface with boundary. If (X,D) is 1-log
canonical then it is log canonical.
Proof. The problem is local so we can work on a normal surface germ (X, x).
Set F = π̂∗ΩX(logD) and G = ̂˜π∗ΩX˜(log f−1D + E). By assumption g∗(SnG) =
SˆnF . Therefore we have an inclusion
(4.6.1) (SˆnF)p = (g∗(SˆnF))∗∗ →֒ SnG.
Since g∗c1(SnG) = c1(SˆnF) the divisor Dn = c1(SnG)−g∗c1(SˆnF) = n(n+1)2 (c1G−
g∗c1F) is supported on the exceptional set of g. Now (4.6.1) implies that Dn ≥
c1((Sˆ
nF)p) − g∗c1(SˆnF) = c1(g, (SˆnF)p). But by Proposition 4.6, [La1], divisors
c1(g, (Sˆ
nF)p) have uniformly bounded coefficients. Hence c1G ≥ g∗c1F and KX˜ +
f−1D +E ≥ f∗(KX +D), so (X,D) is lc, Q.E.D.
By Corollary 7.5 the converse of Proposition 4.6 holds if the pair (X,D) has at
most fractional boundary.
Problem 4.7. Is it true that (X,D) is log canonical if and only if it is 1-log
canonical for all squares?
By Theorem 4.9 if there exists π:Y → X such that π̂∗ΩX(logD) is locally free
and (X,D) is log canonical then it is 1-log canonical. In particular, quotients of
smooth pairs are 1-lc.
Lemma 4.8. Let π:Y → X be a finite map of smooth varieties branched only
along a smooth divisor E. Let i:Y −π−1(E) →֒ Y denote an embedding. If L is an
OY -submodule of i∗π∗ΩqX and d(L) ⊂ π∗Ωq+1X (logE) then L ⊂ π∗ΩqX(logE).
Proof. The statement is local so we can work on germs only. For simplicity let us
assume that q = 1. In general the proof goes along the same lines.
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Assume that there exists a meromorphic 1-form ω ∈ L which does not belong to
π∗ΩqX(logE). Let z = 0 be an equation of E in X . By assumption there exists a
positive integer k such that π∗(zk)ω ∈ π∗ΩX . Let us take minimal such k. If k = 1
then ω ∈ π∗ΩqX(logE), a contradiction. Therefore k ≥ 2.
By assumption d(π∗(f)ω) ∈ π∗Ωq+1X (logE) for any f ∈ OX . Therefore
(4.7.1) d(π∗(f)) ∧ (π∗(z)ω) = π∗(z)(d(π∗(f)ω)− π∗(f)dω) ∈ π∗Ωq+1X
for any f ∈ OX . Let us write π∗(z)ω using a local coordinate system x1, . . . , xn on
X :
π∗(z)ω = f1π∗(dx1) + · · ·+ fnπ∗(dxn).
By (4.7.1) the form d(π∗(xi)) ∧ (π∗(z)ω) =
∑
j 6=i fjπ
∗(dxi) ∧ π∗(dxj) belongs to
π∗Ωq+1X . Therefore fi belongs to OY for i = 1, . . . , n and π∗(z)ω ∈ π∗ΩX , a
contradiction, Q.E.D.
Clearly, the lemma is false on the level of elements, e.g., if π is the identity then
dz
zn
is a closed 1-form which does not belong to Ω1X(log(z = 0)).
Theorem 4.9. (Logarithmic Ramification Formula for log canonical pairs) Let us
assume that (X,D) is log canonical and consider the square
Y˜
g−−−−→ Yyp˜i ypi
(X˜, E)
f−−−−→ X
such that π˜∗(f−1D+E) is a Weil divisor and f is a log resolution of (X,D). Then
(g∗π̂∗ΩqX(logD))
∗∗ →֒ ̂˜π∗Ωq
X˜
(log f−1D +E)
and g∗̂˜π∗Ω
q
X˜
(log f−1D +E) is reflexive for any 1 ≤ q ≤ n = dimX.
Proof. Set Eq = π̂∗ΩqX(logD) and Fq = ̂˜π∗ΩqX˜(log f−1D +E). The sheaves
(g∗Eq)∗∗ and Fq are subsheaves of the sheaf Mq
Y˜
of meromorphic q-forms on Y˜ .
Therefore to show that g∗Fq is reflexive it is sufficient to show that there exists
an analytic subset S of Y˜ of codimension ≥ 2 such that for any y ∈ Y˜ − S the
inclusions (g∗Eq)∗∗ ⊂Mq
Y˜
⊗ΩY˜ and Fq ⊂MqY˜ ⊗ΩY˜ induce an inclusion of stalks
(∗)q (g∗Eq)∗∗y,Y˜ →֒ (Fq)y,Y˜ .
If y ∈ Y˜ − F then we have equality in (∗)q. There exists a codimension ≥ 2 subset
S of Y˜ which contains F ∩ π˜−1D and such that in a neighbourhood of any point of
E the map π˜: Y˜ − S → π˜(Y˜ − S) is branched only along smooth points of E.
Note that (∗)n follows from the assumption that (X,D) is log canonical. There-
fore for any point y ∈ F − S Lemma 4.8 implies (∗)q by induction on k = n − q,
Q.E.D.
A special case of Theorem 4.9, when D is a reduced divisor on a normal surface,
was proved in [La3], Theorem 4.2.
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Theorem 4.10. (Bogomolov–Sommese vanishing theorem; [EV], Corollary 6.9)
Let X be a smooth projective manifold and D a normal crossing divisor on X. Let
π:Y → X be a generically finite map from a normal variety Y . If a line bundle L
is contained in π∗ΩqX(logD) then κ(Y,L) ≤ q.
Proof. Let g: (Z,B) → (Y, (π∗D)red) be a log resolution. By the logarithmic
ramification formula (πg)∗ΩqX(logD) →֒ ΩqZ(logB). Hence g∗L ⊂ ΩqZ(logB) and
the assertion follows from [EV], Corollary 6.9, Q.E.D.
The following theorem is a Bogomolov–Sommese type vanishing theorem for log
canonical Q-divisors.
Theorem 4.11. Let X be a normal projective variety and assume that (X,D) is
log canonical. Let π:Y → X be a finite map such that π∗D is a Weil divisor. If a
rank 1 reflexive sheaf L is contained in π̂∗ΩqX(logD) then κ(Y,L) ≤ q.
Proof. Assume that κ(Y,L) > q. Write L = OY (L) for some Weil divisor L. Let
H be any very ample Cartier divisor on Y . By Kodaira’s lemma ([KMM, Lemma
0-3-3]) there exists an integer n such that the linear system |nL − H| contains a
divisor D. By the covering lemma there exists a finite map p:Z → Y such that
p∗( 1
n
D) is an effective Weil divisor. Now we can find another covering q:T → Z
and a Cartier divisor H ′ on T such that q∗(p∗H) is linearly equivalent to nH ′ (see
[KM], Proposition 2.67). Hence OT (H ′) ⊂ ((pq)∗L)∗∗ ⊂ ̂(πpq)∗ΩqX(logD), where
H ′ is an ample Cartier divisor. Now passing to a log resolution of (X,D), forming
a square and using Theorem 4.9 we get a contradiction with Theorem 4.10, Q.E.D.
Remark. Theorem 4.11 is similar to Proposition 4.5 but it is not equivalent to
it. Proposition 4.5 uses the conditions of Lemma 4.2 for one fixed square whereas
Theorem 4.11 uses these conditions for n = 1 and for all squares.
5. Inequalities between logarithmic orbifold Euler numbers
In this section we prove Theorems 0.1 and 0.3 from the Introduction.
Theorem 5.1. Let (X,D) be a log canonical surface pair and let π:Y → X be a
finite covering such that π∗D is a Weil divisor. Let F ⊂ π̂∗ΩX(logD) be a rank 2
reflexive subsheaf such that c1F is pseudoeffective. Let c1F = P +N be the Zariski
decomposition. Then
3c2F + 1
4
N2 ≥ (c1F)2.
The proof of this theorem is the same as the proof of Theorem 0.1 in [La3].
The only difference is that we need to replace Corollary 4.4, [La3] with the more
general Theorem 4.11. As an immediate corollary of Theorems 3.6 and 5.1 we get
the following generalisation of Theorem 0.1.
Corollary 5.2. If (X,D) is lc and KX +D = P +N is pseudoeffective then
3eorb(X,D) ≥ 3eorb(X,D) + 1
4
N2 ≥ (KX +D)2.
Note that if 3eorb(X,D) = (KX +D)
2 then N2 = 0. Hence N = 0 and KX +D
is nef.
Theorem 0.3 is obtained from the above result by using the formula etop(Di) =
2− 2g(Di)−
∑
P∈SingDi(rP − 1) and Corollary 7.8.
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6. Orbifold Euler numbers for non lc pairs
and logarithmic cohomology of open surfaces
In this section we compute Chern classes of sheaves of logarithmic 1-forms with
poles along reduced divisors on smooth varieties and apply them to study the de
Rham morphism for open surfaces.
Let c(E) denote the total Chern class of the sheaf E . This can be defined for any
sheaf on a smooth projective variety.
Proposition 6.1. Let D be a hypersurface in a smooth projective variety X. Then
c((Ω̂X(logD))
∗) =
c(TX) · c(OY (D))
c(OX(D)) ,
where Y denotes the singular subscheme of D (i.e., the subscheme of D defined by
the partial derivatives of a section defining D).
Proof. Let J 1XD be the bundle of 1-jets of OX(D). It is defined by the divisor
class [D] ∈ H1(ΩX) ≃ Ext1(OX(D),ΩX(D)). The divisor D determines a section
OX → J 1XD. Let E be the cokernel of this section after twisting by OX(D). Then
(Ω̂X(logD))
∗ = E∗ fits into the following exact sequence
0→ E∗−→(J 1XD)∗ ⊗OX(D)−→OX(D)−→OY (D)→ 0.
Now the result follows from the sequence
0→ OX −→(J 1XD)∗ ⊗OX(D)−→TX → 0, Q.E.D.
Let C be a curve on a smooth surface germ (X, x). Let z1, z2 be local coordinates
at x. If C is given by f(z1, z2) = 0 then we define the Tjurina number of C
at x by τx(C) = dimCOX,x/(f, ∂f∂z1 ,
∂f
∂z2
) and the Milnor number of C at x by
µx(C) = dimCOX,x/( ∂f∂z1 ,
∂f
∂z2
).
Corollary 6.2. Let D be a reduced divisor on a smooth surface X. Then
c2(Ω̂X(logD)) = etop(X −D) +
∑
x∈SingD
(µx(D)− τx(D)).
In particular, c2(Ω̂X(logD)) = etop(X − D) if and only if D has locally weighted
homogeneous singularities.
Proof. By Proposition 6.1, c2(Ω̂X(logD)) = c2(X)+(KX+D)D−
∑
x∈SingD τx(D).
Since etop(X −D) = etop(X)− etop(D) = c2(X)+ (KX +D)D−
∑
x∈SingD µx(D),
we get the first part of the corollary. The second part follows from the first and
from Saito’s theorem (see [Sai1]) saying that τx = µx if and only ifD has a weighted
homogeneous singularity at x, Q.E.D.
Corollary 6.3. Let C := (f = 0) be a curve in (C2, 0). Then
eorb(0;C
2, C) = µ0(C)− τ0(C) ≥ 0.
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Proof. We give a proof by globalisation, since it is much easier than a local proof.
By the finite determinacy property we can find a smooth projective surface X and
a curve D on X singular at only one point x such that the germs (X,D, x) and
(C2, C, 0) are of the same analytic type. Let f : X˜ → X be a log resolution of (X,D)
at x. Then
eorb(x;X,D) = −c2(x,ΩX˜(log f−1D + E)) = c2(Ω̂X(logD))− c2(ΩX˜(log f−1D + E))
= c2(Ω̂X(logD))− etop(X −D)
and the assertion follows from Corollary 6.2, Q.E.D.
Let D be a divisor on a smooth complex manifold X . Let U be the complement
of D in X and j:U →֒ X the inclusion. We say that the logarithmic comparison
theorem holds for D if the de Rham morphism gives rise to an isomorphism (in the
derived category)
Ω̂•X(logD)
≃−→Rj∗(CU )
(see [CCMN]).
Corollary 6.4. (Theorem 1.3, [CCMN]) Let C be a plane curve. If the logarithmic
comparison theorem holds for C then all the singularities of C are locally weighted
homogeneous.
Proof. The problem is local so we can fix a point P on C. By the finite determinacy
property we can find a smooth projective surface X and a curve D on X which is
singular at only one point x such that the germs (X,D, x) and (C2, C, P ) have the
same analytic type.
By the assumption, if U = X −D and j:U →֒ X is the inclusion, then the de
Rham morphism gives rise to an isomorphism
Ω̂•X(logD)
≃−→Rj∗(CU ).
Therefore the induced map on the hypercohomology is an isomorphism
H∗(X, Ω̂•X(logD))
≃−→H∗(X,Rj∗(CU )).
By standard arguments (the Poincare´ lemma and spectral sequences) H∗(X,Rj∗(CU )) ≃
H∗(U,C). On the other hand we have the spectral sequence
Epq2 = H
q(Hp(X, Ω̂•X(logD)))
abutting to H∗(X, Ω̂•X(logD)) ≃ H∗(U,C). Comparing Euler characteristics for
complexes we get
etop(U) =
∑
p
(−1)php(U,C) =
∑
p,q
(−1)p+q dimEpq2 =
∑
p,q
(−1)p+qhp(X, Ω̂qX(logD))
=
∑
q
(−1)qχ(X, Ω̂qX(logD)).
By the Riemann–Roch theorem the last expression is equal to c2(Ω̂X(logD)). Hence
the corollary follows from Corollary 6.2, Q.E.D.
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7. Properties of orbifold Euler numbers
The main aim of this section is to prove properties (0.2.1)–(0.2.3) of local orbifold
Euler numbers stated in the Introduction.
Lemma 7.1. Let π: (Y, y)→ (X, x) be a finite proper map of normal surface germs.
If KY +D
′ = π∗(KX +D) for some boundary divisors D and D′ then
eorb(y;Y,D
′) = deg π · eorb(x;X,D).
Remark. In particular, if π is e´tale then we can reduce the computation of eorb(x;X,D)
to that of eorb(y;Y, π
∗D).
One can also reduce the study of log canonical pairs to log terminal pairs using
log crepant morphisms:
Lemma 7.2. (cf. Lemma 4.6, [Me2]) Let (X,D) be a normal projective sur-
face with log canonical singularities. Then there exists a birational morphism
ψ : (Xˆ, Dˆ) → (X,D) such that Dˆ is the sum of the strict transform of D and the
exceptional curves with coefficient 1, KXˆ+ Dˆ = ψ
∗(KX+D), c2(X,D) ≤ c2(Xˆ, Dˆ)
and (Xˆ, Dˆ) has log terminal singularities.
The lemma follows from the following local statement:
Lemma 7.3. Let (X,D, x) be a germ of a log canonical surface pair. Assume that
(X,D) is not log terminal at x. Then there exists a square
Yˆ
ψˆ−−−−→ Yypˆi ypi
(Xˆ, F )
ψ−−−−→ (X, x)
such that c1(ψˆ, ̂ˆπ∗ΩXˆ(log Dˆ)) = 0, c2(ψˆ, ̂ˆπ∗ΩXˆ(log Dˆ)) ≥ 0 and (Xˆ, Dˆ) is log ter-
minal, where Dˆ = ψ−1D + F .
Proof. Let us take the minimal log resolution f : (X˜, E) → (X, x) of (X,D) and
write
KX˜ + f
−1D + E − f∗(KX +D) =
∑
aiEi
for some ai ≥ 0. Let ϕ: X˜ → Xˆ be the contraction of all the exceptional curves
with ai 6= 0 and let ψ: Xˆ → X be the induced morphism. In some cases we do not
contract any curve, e.g., if X is a cone over a plane conic and D is a sum of two
generators with coefficient 1. Note that F = ϕ∗E and
KXˆ + Dˆ = ϕ∗(KX˜ + f
−1D +E) = ϕ∗(f∗(KX +D)) = ψ∗(KX +D).
Therefore, since (X,D) is lc (Xˆ, Dˆ) is log terminal. Finally,
c2(ψˆ, ̂ˆπ∗ΩXˆ(log Dˆ)) ≥ 14c21(ψˆ, ̂ˆπ∗ΩXˆ(log Dˆ)) = 0
by Definition 1.3, Q.E.D.
Note that (Xˆ, Dˆ) is not klt at the points of F and Xˆ has at most cyclic quotient
singularities. In some cases we can prove the equality c2(ψˆ, ̂ˆπ∗ΩXˆ(log Dˆ)) = 0 in
Lemma 7.3.
20 ADRIAN LANGER
Proposition 7.4. Under the assumptions of Lemma 7.3 assume that the singu-
larities of (Xˆ, Dˆ) are locally quotients of smooth log pairs. Then eorb(x;X,D) = 0
and (X,D) is 1-lc (for all squares).
Proof. We can use coverings and simple base change to construct a square
Yˆ
ψˆ−−−−→ Yypˆi ypi
Xˆ
ψ−−−−→ X
such that πˆ∗D is a Weil divisor and F = ̂ˆπ∗ΩXˆ(log Dˆ) is a locally free sheaf. Set
G = π̂∗ΩX(logD). Let ν:Z → Yˆ be a resolution of singularities of Yˆ and set
ψ˜ = ψˆν. We can use the residue map to show that if Fi is a smooth ψ˜-exceptional
divisor then there exists a surjection
ν∗F|Fi → OFi .
The kernel of this map is a degree 0 line bundle on Fi. By [Wa2], Proposition 3.16
χ(ψ˜, Snν∗F) = χ(ψˆ, SnF) = O(n2).
Together with c1(ψ˜, ν
∗F) = 0 this gives c2(ψˆ,F) = c2(ψ˜, ν∗F) = 0. Now the first
statement follows from Lemma 3.2 and Lemma 7.1. To prove the second part note
that Snν∗F|Fi has a filtration by line bundles of degree 0 and for any negative
degree line bundle L on Fi we have H0(Sn(ν∗F)|Fi ⊗ L) = 0. Hence we can use
the formal function theorem to show that H1F (S
n(ν∗F)) = 0, where F is the whole
ψ˜-exceptional set with a reduced structure (see [Wa1], Proposition 2.4). Therefore
ψˆ∗(SnF) = ψ˜∗(Snν∗F) = SˆnG and (X,D) is 1-lc since (Xˆ, Dˆ) is 1-lc (see Lemma
4.4), Q.E.D.
Corollary 7.5. (cf. Theorem 4.2, [La3]) Let (X,D) be a log canonical surface
with at most fractional boundary. Then (X,D) is 1-lc for all squares. Moreover, if
(X,D) is not lt at x then eorb(x;X,D) = 0.
Theorem 7.6. Let (X,D, x) be an affine germ of a log canonical surface with
boundary. If D contains a prime divisor L with coefficient 1 then eorb(x;X,D) = 0.
Proof. The proof is by induction on the number k(X,D) of curves in the minimal
log resolution of (X,D).
If k(X,D) = 0 then the theorem holds. If (X,D) is log canonical at x then
there exists an effective Q-divisor D′ such that (X,D + D′) is log canonical but
not log terminal at x and k(X,D +D′) = k(X,D) (one can construct D′, e.g., by
increasing α in (X,L+ α(D − L))).
Let us apply Lemma 7.3 to the pair (X,D+D′). Note that c2(ψˆ, ̂ˆπ∗ΩXˆ(log Dˆ)) ≥
0, where Dˆ = ψ−1(D+D′)+F . Hence by the induction assumption and Definition–
Proposition 1.5
(7.6.1) eorb(x;X,D +D
′) =
∑
eorb(z; Xˆ, Dˆ)− c2(ψˆ, ̂ˆπ∗ΩXˆ(log Dˆ))/ deg πˆ ≤ 0.
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Taking a finite covering of X we can assume that X = C2 and L is a line passing
through x = 0.
Claim 7.6.2. Let f : X˜ → X be any resolution of (X, x) = (C2, 0). Then we have
a short exact sequence
0→ OX˜ ω−→ΩX˜(log f−1L+ E)−→O(KX˜ + f−1L)→ 0.
Moreover, in a neighbourhood of every point P of E+f−1L there exists a function
α such that E + f−1L is given by α = 0 and ω = dα
α
.
Proof. The proof is by induction on the number of irreducible components of the
exceptional set of f . If f is the blow up of X at x then we can use Lemma 8.2.
Let g: (Y˜ , F )→ (X˜, E) be the blow up of a point P ∈ E. Set h = gf . If P is a
double point of E or the point of intersection of E and f−1L then
ΩY˜ (logh
−1L+ F ) = g∗ΩX˜(log f
−1L+ E)
and the claim is clear. Otherwise, let z1, z2 be local coordinates around P , where
E = {z1 = 0} and ω = dz1z1 . On the part of Y˜ with coordinates z2 and t = z1z2 the
sheaf ΩY˜ (logh
−1L+ F ) is generated by dz2
z2
and g∗ω = dt
t
+ dz2
z2
. On the other part
of Y˜ the claim is clear, Q.E.D.
Let f : X˜ → X be any log resolution of (X,D). We can find a square
Y˜
g−−−−→ Yyp˜i ypi
X˜
f−−−−→ X
such that E = ̂˜π∗ΩX˜(log f−1(D +D′) + E) and ̂˜π∗ΩX˜(log f−1D +E) are locally
free. Then by the claim ω gives rise to a short exact sequence
0→ OY˜
p˜i∗ω−→E −→O(π˜∗(KX˜ + f−1(D +D′) + E))→ 0.
Since (X,D+D′) is lc g∗E = π̂∗ΩX(logD +D′) by Theorem 4.9. Since g∗OY˜ = OY
we have the induced map OY → π̂∗ΩX(logD +D′). Then in the notation of [La4]
we have
eorb(x;X,D +D
′) =
1
deg π
δy(OY → π̂∗ΩX(logD +D′)).
Similarly
eorb(x;X,D) =
1
deg π
δy(OY → π̂∗ΩX(logD))
and by the construction π̂∗ΩX(logD) = π̂∗ΩX(logD +D′)[−π∗D′] is obtained as
the elementary transformation of π̂∗ΩX(logD +D′) with respect to π∗D′. More-
over, π̂∗ΩX(logL) is obtained as the elementary transformation of π̂∗ΩX(logD)
with respect to π∗(D − L). Hence by Theorem 2.6, [La4]
δy(OY → π̂∗ΩX(logD +D′)) ≥ δy(OY → π̂∗ΩX(logD)) ≥ δy(OY → π∗ΩX(logL)),
that is,
eorb(x;X,D+D
′) ≥ eorb(x;X,D) ≥ eorb(x;X,L) = 0.
But eorb(x;X,D +D
′) ≤ 0 by (7.6.1) and hence eorb(x;X,D) = 0, Q.E.D.
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Corollary 7.7. Let D and B be effective Q-divisors on a normal surface germ
(X, x). Assume that (X,D+B) is log canonical but not log terminal. Let f : X˜ → X
be a log resolution of (X,D +B). Then
eorb(x;X,D) ≤ −1
4
(c1(f, f
−1B))2.
Proof. Let us apply Lemma 7.3 to the pair (X,D +B) and let ϕ: X˜ → Xˆ be such
that c1(ψ,KXˆ + Dˆ + ψ
−1B) = 0, where Dˆ = ψ−1D + F and F is the exceptional
divisor. Let ψ: Xˆ → X be the induced morphism. Hence by Theorem 7.6 and
Definition–Proposition 1.5
eorb(x;X,D) =
∑
z∈{t∈Xˆ:dimϕ−1(t)>0}
eorb(z; Xˆ, Dˆ)− c2(ψˆ, ̂ˆπ∗ΩXˆ(log Dˆ))/ deg πˆ
≤ −1
4
(c1(ψ,KXˆ + Dˆ))
2.
But c1(ψ,KXˆ + Dˆ) = −c1(ψ, ψ−1B), so
eorb(x;X,D) ≤ −1
4
(c1(ψ, ψ
−1B))2.
Now the corollary follows from the following inequality
−(c1(ψ, ψ−1B))2 ≤ −(ϕ∗c1(ψ, ψ−1B))2 − (c1(ϕ, f−1B))2 = −(c1(f, f−1B))2,
Q.E.D.
Corollary 7.8. If (C2, D) is lc then
eorb(0;C
2, D) ≤
(
1− mult0D
2
)2
.
In particular, eorb(x;X,D) ≤ 1 for any lc pair (X,D).
Proof. Let f : X˜ → X = C2 be the minimal log resolution of (C2, D) (or the blow
up at 0 if (C2, D) is smooth at 0). Let g: Xˆ → X be the blow up at 0 and h: X˜ → Xˆ
the induced map. LetM1 andM2 be two lines intersecting the g-exceptional divisor
F transversally at single points, which are not blown up by h. Set Li = g(Mi) for
i = 1, 2.
We can find rational numbers 0 ≤ a1 ≤ a2 ≤ 1 such that (C2, D+ a1L1 + a2L2)
is lc but not lt. By construction f−1Li = h−1Mi = h∗Mi and c1(f, h∗Mi) =
−c1(f, h∗F ). Hence by Corollary 7.7
eorb(0;C
2, D) ≤ −1
4
(c1(f,−(a1 + a2)h∗F ))2 = 1
4
(a1 + a2)
2.
Since mult0(D+a1L1+a2L2) ≤ 2, we get the first inequality. The second inequality
follows from Lemma 7.1 and Corollary 7.5, Q.E.D.
Conjecture 7.9. The function f :Cn → R sending (a1, . . . , an) to eorb(0;C2,
∑
aiDi)
is continuous and nonnegative. Moreover, it is strictly decreasing for klt pairs.
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Problem 7.10. Is the local orbifold Euler number semicontinuous in equisingular
families? Is it always semicontinuous?
If the answers to these questions were positive then Corollary 7.8 would follow
immediately by deforming the divisor to the tangent cone and by Theorem 8.7
(cf. [Kol], the proof of Lemma 8.10). In particular, this would imply Theorem
7.6. Indeed, if eorb(0;C2, L + D) > 0 for some log canonical pair (C2, L + D)
then we can take a cyclic cover π:C2 → C2 of degree n branched along L. Let
M be the ramification locus of π. Then M is a line, (C2,M + π∗D) is lc and
eorb(0;C2,M +π∗D) = n ·eorb(0;C2, L+D). But eorb is bounded by Corollary 7.8,
a contradiction.
Let (X,D, x) be an analytic germ of a normal surface with Q-boundary for which
one can define an orbifold Euler number. Let us recall that two pairs (X1, D1, x1)
and (X2, D2, x2) are analytically (topologically) equivalent if and only if there exists
a biholomorphic map (a homeomorhism, respectively) ϕ: (X1, x1)→ (X2, x2) such
that ϕ∗D1 = D2. By the definition eorb(x;X,D) is an analytic invariant, i.e., it
depends only on the analytic type of (X,D) at x.
According to Conjecture 7.9 we expect that the log canonical threshold (see [Ko],
8.1) of a curve C on a normal surface germ (X, x) is given by the following formula
c(x,X,C) = min{α: eorb(x;X,αC) = 0}.
This invariant, in the surface case, can be read off from the embedded resolution
graph, so it is a topological invariant. However, Corollary 6.3 shows that an orbifold
Euler number is not a topological invariant of the pair (X,αC), since the Tjurina
number changes under µ-constant deformations (see Theorem III.2.9.1 in Appendix
by B. Teissier to [Z]). In fact, for smooth surface germs eorb(x;X,C) is a topological
invariant of (X,C) if and only if C has a weighted homogeneous singularity at x
(see Corollary 6.3). It should be also true that if C has a weighted homogeneous
singularity at x then eorb(x;X,
∑
aiCi), where Ci are irreducible components of C,
is a topological invariant of (X,C) (cf. Theorems 8.3 and 8.7).
This shows that the computation of orbifold Euler numbers in general is a hope-
less problem and the most one can hope for is proving semicontinuity on the mod-
uli space of plane singularities with fixed semigroup and computing of eorb at the
generic points of the main component of the moduli space. This problem is already
difficult for a much simpler invariant, namely the Tjurina number (see [Z]) and the
corresponding algorithm is known only for irreducible curve singularities.
8. Local orbifold Euler numbers for ordinary singularities
In this section we compute local orbifold Euler numbers for ordinary singularities.
Since these numbers are analytic invariants it is sufficient to work with lines in C2.
First, we give a precise result for three lines in C2 (see Theorem 8.3) and then a
more general but slightly weaker result for any number of lines in C2 (see Theorem
8.7). By Lemma 7.1 we can also deal with quotients of ordinary singularities (cf.
Section 9 for quotients of ordinary singularities with three branches).
8.1. Let L1, . . . , Ln be n distinct lines in X = C2 passing through x = 0. Let
f : (X˜, E)→ (X, x) be the blow up of X at x. Then ψ: X˜ = V(OP1(−1))→ P1 is a
geometric line bundle. Assume Li is given by fi(x, y) = 0 in X and set L˜i = f
−1Li
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and Pi = ψ(L˜i). X˜ is covered by two affine pieces U1 and U2:
f :U1 = C
2 → C2, f((z1, t1)) = (z1, z1t1),
f :U2 = C
2 → C2, f((z2, t2)) = (t2z2, z2).
The map ψ is given by ψ:U1 → P1, ψ((z1, t1)) = [1, t1], and ψ:U2 → P1, ψ((z2, t2)) =
[t2, 1].
Lemma 8.2. If n ≥ 1 then
ΩX˜(log
n∑
i=1
L˜i + E) ≃ ψ∗(ωP1(P1 + · · ·+ Pn)⊕OP1).
Proof. We can assume that f1(x, y) = x. Then ΩX˜(log
∑
L˜i + E) is generated by
ω1 =
dz1
z1
and ω2 =
dt1∏n
i=1 fi(1, t1)
on U1 and by
ω′1 =
dz2
z2
+
dt2
t2
and ω′2 = −
dt2∏n
i=1 fi(t2, 1)
on U2. Since ω1|U1∩U2 = ω′1|U1∩U2 and ω2|U1∩U2 = tn−22 ω′2|U1∩U2 , we get the re-
quired isomorphism, Q.E.D.
Theorem 8.3. Let L1, L2 and L3 be 3 distinct lines in C2 passing through 0. Set
D = a1L1 + a2L2 + a3L3, where 0 ≤ a1 ≤ a2 ≤ a3 ≤ 1. Then
eorb(0;C
2, D) =

0 if a1 + a2 + a3 > 2 (non lc case),
(1− a1 − a2)(1− a3) if a3 ≥ a1 + a2,
(a1 + a2 + a3 − 2)2
4
if a3 < a1 + a2 and a1 + a2 + a3 ≤ 2.
Proof. We can choose coordinates in (X, x) = (C2, 0) such that L1, L2 and L3 are
described by the equations x = 0, y = 0 and x + y = 0, respectively. We can also
find an integer n such that ai = 1 − li/n for some integers li. Let us consider a
cone Y in C3 over the curve C ⊂ P2 described by the equation an + bn + cn = 0.
Define the map π:Y → X by π((a, b, c)) = (an, bn). This map is branched precisely
over the three lines Li with branching indices n. Let Mi = (π
∗Li)red be a reduced
scheme structure on the set theoretical inverse image of Li. The divisorMi consists
of n lines intersecting in y.
The geometric line bundle ϕ: Y˜ = V(OC(−1)) → C is a resolution of the cone
singularity Y . Let g: Y˜ → Y be the contraction of the zero section F . Then the
induced morphism π˜: Y˜ → X˜ is finite. Therefore to compute eorb(x;X,D) it is
sufficient to compute c2(y, ̂˜π∗ΩX˜(log f−1D + E)).
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Lemma 8.4. Set F1 = OC(−l1)⊕OC(−l2)⊕OC(−l3)⊕OC(n− l1− l2 − l3). Let
the map F1 → OC ⊕OC(n) be given by the matrix
A =
(
al1 bl2 cl3 0
0 −bl2cn bncl3 al1bl2cl3
)
and let E be the image of this map. Then ̂˜π∗ΩX˜(log f−1D +E) = ϕ∗E .
Proof. The morphism g: Y˜ → Y is a blow up of the maximal ideal at 0 and hence
it is covered by three affine pieces V1, V2 and V3. Consider the morphisms
σ1:V
′
1 = C
3 → C3, σ1((u1, v1, w1)) = (u1, u1v1, u1w1),
σ2:V
′
2 = C
3 → C3, σ2((u2, v2, w2)) = (u2v2, v2, v2w2),
σ3:V
′
3 = C
3 → C3, σ3((u3, v3, w3)) = (u3w3, v3w3, w3).
Then Vi = V
′
i ∩ Y˜ and g|Vi = σi|Vi .
Set M˜i = g
−1Mi. By Lemma 8.2
ΩY˜ (log M˜1 + M˜2 + M˜3 + F ) = π˜
∗ΩX˜(log L˜1 + L˜2 + L˜3 + E) ≃ OY˜ ⊕OY˜ (−nF )
and we can use π∗ωi and π∗ω′i from the proof of Lemma 8.2 as local generators of
ΩY˜ (log M˜1+M˜2+M˜3+F ). Using this basis one can see that
̂˜π∗ΩX˜(log f−1D + E)
is given as a subsheaf of π˜∗ΩX˜(log L˜1 + L˜2 + L˜3 +E) by the matrix ϕ
∗A.
For example, on V1 the sheaf ̂˜π∗ΩX˜(log f−1D + E) is generated by the forms
η1 =
d(vn1 )
vn−l21
, η2 =
d(wn1 )
wn−l31
and η3 =
d(un1 )
un1
.
The pull back of F2 → OC ⊕OC(n) to Y˜ is given on V1 by the matrix
A1 =
(
1 vl21 w
l3
1 0
0 −vl21 wn1 vn1wl31 vl21 wl31
)
so we need to check that the forms
π˜∗ω1 = η3, vl21 π˜
∗ω1 − vl21 wn1 π˜∗ω2 = η1 + vl21 η3,
wl31 π˜
∗ω1 − vn1wl31 π˜∗ω2 = −η2 + wl31 η3 and vl21 wl31 π˜∗ω2 = vl2−n1 η2 = wl3−n1 η1
locally generate the sheaf ̂˜π∗ΩX˜(log f−1D + E). The last form belongs to this sheaf
since on V1 = (1 + v
n
1 + w
n
1 = 0) either v1 6= 0 or w1 6= 0 and the remaining forms
generate ̂˜π∗ΩX˜(log f−1D + E). Similarly one can check it on other affine pieces,
Q.E.D.
Lemma 8.5. Set S = C[a, b, c] and R = S/(an+bn+cn) and assume that 0 < li < n
for i = 1, 2, 3. Then the complex
. . .
B′−→R4 B−→R4 B′−→R4 B−→R4 A−→ imA→ 0,
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where
B =

0 cl3 −bl2 −an−l1
−cl3 0 al1 −bn−l2
bl2 −al1 0 −cn−l3
an−l1 bn−l2 cn−l3 0
,
B′ =

0 cn−l3 −bn−l2 −al1
−cn−l3 0 an−l1 −bl2
bn−l2 −an−l1 0 −cl3
al1 bl2 cl3 0
,
is a minimal free resolution of imA over R.
Proof. Localizing at (a, b, c) we can assume that S and R are local rings. Note
that BB′ = B′B = (an + bn + cn) · IdS4 and all the matrix elements of B and B′
belong to the maximal ideal of S. Thus (B,B′) is a reduced matrix factorization
of (an + bn + cn) over S (see [E]). In particular, by Corollary 6.3, [E], the complex
. . .
B′−→R4 B−→R4 B
′
−→R4 B−→R4−→ cokerB → 0
is a nontrivial periodic minimal free resolution over R of the maximal Cohen–
Macaulay R-module cokerB. So it is sufficient to prove that the natural map
cokerB → imA is an isomorphism.
Since detB = (an + bn + cn)2 and (an + bn + cn) is a prime, cokerB is a rank
2 reflexive R-module by Proposition 5.6, [E]. Since AB = 0 and both cokerB and
imA are rank 2 reflexive modules, it is sufficient to check that cokerB is a direct
summand of R4 at every height 1 prime of R. This follows because at every height
1 prime of R the matrix factorization gives rise to the exact sequence
0→ cokerB−→R4−→ cokerB′ → 0
splitting the surjection R4 → cokerB, Q.E.D.
Set F2 = OC(−l2− l3)⊕OC (−l1− l3)⊕OC (−l1− l2)⊕OC (−n). As a corollary
of Lemma 8.5 we get that the complex of OC -modules
F2 B−→F1−→E → 0
is exact if 0 < li < n. In the remaining cases E is decomposable (and the complex
is still exact). It is easy to see that e = deg E = n− l1 − l2 − l3.
Now Theorem 8.3 follows by a direct computation from Theorem 1.10 and the
following lemma:
Lemma 8.6. Let p = max(−l1,−l2,−l3, e). Then
s(E) = max
(
p,
e
2
)
.
Proof. It is clear from the definition of E that s(E) ≥ p. Suppose that e > 2p. We
need to prove that in this case E is semistable.
Let F ′1 = OP2(−l1) ⊕ OP2(−l2) ⊕ OP2(−l3) ⊕ OP2(n − l1 − l2 − l3) and F ′2 =
OP2(−l2 − l3)⊕OP2(−l1 − l3)⊕OP2(−l1 − l2)⊕OP2(−n).
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Consider the map of sheaves F ′2 → F ′1 given by the matrix B. Since detB =
(an + bn + cn)2, this map is injective and its cokernel G is supported on the curve
C.
Since the matrix B is skew-symmetric one can easily see that the kernel of the
map F2 → F1 is isomorphic to E(−n) (here we also use equality E∗ = E(−det E)
for a rank 2 vector bundle E).
Hence we get the following commutative diagram:
0 −−−−→ 0y y
0 −−−−→ F ′2(−C) −−−−→ F ′1(−C) −−−−→ G(−C) −−−−→ 0y y y y y
0 −−−−→ F ′2 −−−−→ F ′1 −−−−→ G −−−−→ 0y y y y y
0 −−−−→ E(−n) −−−−→ F2 −−−−→ F1 −−−−→ E −−−−→ 0y y y
0 −−−−→ 0 −−−−→ 0
Using the snake lemma we get an exact sequence
0→ E(−n)→ G(−n)→ G → E → 0.
In particular, we get an inclusion E →֒ G. Hence we have an inclusion SkE →֒ SkG
(using the fact that it is an inclusion at a general point of C and SkE is a torsion
free OC -module). Note that SkG is a subsheaf of Hk = coker(SkF ′2 → SkF ′1).
From the long exact cohomology sequence for the short exact sequence
0→ SkF ′2(m)→ SkF ′1(m)→Hk(m)→ 0
we see that
h0(P2,Hk(m)) = 0 for m < −kp.
Since
S2kE(−ke)⊗OC(−i) →֒ S2kG(−ke− i) →֒ H2k(−ke− i)
and ke ≥ 2kp we get
h0
(
S2kE(−k det E)⊗OC(−i)
)
= 0 for i > 0.
Hence by Corollary 1.9 the vector bundle E is semistable, Q.E.D.
Theorem 8.7. Let L1, . . . , Ln be n distinct lines in C2 passing through 0. Set
D =
∑n
i=1 aiLi, where 0 ≤ a1 ≤ a2 ≤ · · · ≤ an ≤ 1, and a =
∑n
i=1 ai. Then
eorb(0;C
2, D) =
{
0 if a > 2 (non lc case),
(1− a+ an)(1− an) if 2an ≥ a,
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and
eorb(0;C
2, D) ≤
(
1− a
2
)2
if 2an < a ≤ 2.
Proof. By increasing n if necessary and adding to D more lines with coefficient 0,
we can assume that all ki = nai are integers.
Let π:Y → X = C2 be a cyclic covering of order n branched in L1 + · · ·+ Ln.
The blow up g: Y˜ → Y of Y at y = π−1(x) is the geometric line bundle ϕ: Y˜ =
V(OC(−1))→ C over the curve C given by zn = f1(x, y) · . . .·fn(x, y) in P2. Hence
we get a commutative diagram
C
ϕ←−−−− (Y˜ , F ) g−−−−→ (Y, y)yp yp˜i ypi
P1
ψ←−−−− (X˜, E) f−−−−→ (X, x).
Set Mi = (π
∗Li)red, M˜i = g−1Mi, Qi = ϕ(M˜i) and li = n − ki. To prove the
theorem it is sufficient to compute c2(g,F) = −n · eorb(0;C2, D), where F =̂˜π∗ΩX˜(log∑ kin L˜i +E). The computation follows easily from Theorem 1.10 and
the following lemma.
Lemma 8.8. Consider E = F|E as a bundle on C = ϕ(E). Then F = ϕ∗E and E
fits into the following exact sequences:
0→ ωC(−
∑
(li − 1)Qi)−→E −→OC → 0
and
0→ OC(−liQi)−→E −→ωC(−
∑
j 6=i
ljQj)→ 0
for i = 1, . . . , n. Moreover, the induced map
ωC(−
∑
(li − 1)Qi)⊕
n⊕
i=1
OC(−liQi)→ E
is a surjection.
Proof. By Lemma 8.2
ΩY˜ (log
∑
M˜i + F ) = π˜
∗ΩX˜(log
n∑
i=1
L˜i +E) ≃ ϕ∗(ωC(Q1 + · · ·+Qn)⊕OC),
so the lemma holds when all li = 0. In general we just construct some maps leaving
the details to the reader.
Let ai ∈ H0(OC(Qi)) be the section corresponding to Qi. One can write it down
explicitly as z on C −⋃j 6=iQj and 1 on C −Qi. Set Vi = p−1(ψ(Ui)) for i = 1, 2.
Then (V1,
∏
alii p
∗ω2) and (V2,
∏
alii p
∗ω′2) defines the map ωC(−
∑
(li− 1)Qi)→ E .
Let {Wk} be an affine cover of C such that OC(1)|Wk is free, with generator sk.
Then sk
∂
∂sk
= sl
∂
∂sl
define a nowhere vanishing section of ˜̂π∗DerX˜(log
∑n
i=1
ki
n
L˜i + E)
corresponding to the surjection E → OC .
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The maps OC(−liQi)→ E are defined by z−lip∗(dfi) on C−
⋃
j 6=iQj and p
∗(dfi)
on C −Qi, Q.E.D.
Remark. Theorem 8.7 is a direct generalization of Theorem 8.3 except for the last
case in which we get inequality instead of equality. Equality, as in the proof of
Theorem 8.3, is equivalent to semistability of the vector bundle E from Lemma 8.8
(cf. Lemma 8.6 in the case of three lines).
9. Quotients by unitary subgroups
The main aim of this section is a computation of local orbifold Euler numbers
for log canonical pairs with at most fractional boundary. Nontrivial examples of
such pairs come from quotients of C2 by unitary subgroups of GL(2,C), whence
the title of this section.
9.1. First, we need to introduce some notation. Let n be a positive integer,
1 ≤ q < n an integer coprime to n and ǫ a primitive nth root of unity. Let us recall
that the minimal resolution of the cyclic quotient singularity (A2, 0)/Zn, (x, y) →
(ǫx, ǫqy) consists of a chain of smooth rational curves E1, . . . , Es determined by the
continued fraction expansion
n
q
= b1 − 1
b2 − 1b3−...
.
We say that such chain is of type 〈n, q〉. 〈1, 0〉 denotes an empty chain and 〈1, 1〉 a
single (−1)-curve.
We say that the minimal log resolution of (X,D, x) is of type 〈n, q; ∗1〉 (〈n, q; ∗1, ∗2〉)
if its exceptional set is of type 〈n, q〉 and D has at most 1 irreducible component
(respectively: at most 2 components) meeting the last (and the first) curve in the
chain.
The minimal log resolution of (X,D, x) is of type 〈b; 〈n, q; ∗1〉, 〈n, q; ∗2〉, 〈n, q; ∗3〉〉
if it is a star shaped tree of rational curves consisting of a central curve with self
intersection −b and three chains 〈n, q; ∗1〉 attached to it.
The type of the minimal log resolution depends only on the reduced pair (X, ⌈D⌉)
and in our notation ∗i corresponds to the ith irreducible component of SuppD.
9.2. Let (X,B =
∑
biBi, x) be a germ of a log canonical surface with a fractional
boundary, i.e., all the coefficients are of the form bi = 1− 1mi for some mi ∈ N∪∞.
In the above set up there is a natural interplay between unitary group actions
on the universal covering and the type of the resolution of singularity. We will
use it to compute all the local orbifold Euler numbers for germs (X,D, x), where
D =
∑
diBi, 0 ≤ di ≤ 1.
Since we are interested mainly in the log canonical case we can assume that
(X, 0) is klt at x. Otherwise, eorb(x;X,D) = 0 by Corollary 7.5.
If (X, 0) is klt at x then (X,B, x) is analytically equivalent to the quotient of
C2 by a finite subgroup G ⊂ GL(2,C) and the Bi correspond to the components of
the branch locus of the quotient map π:C2 → C2/G. The ramification index over
a component with coefficient 1− 1
m
in B is equal to m. Since eorb depends only on
the analytic type of the pair we can assume that X = C2/G.
Let G˜ ⊂ PGL(2,C) be the projectivized group G, i.e., the image of G under the
natural map GL(2,C)→ PGL(2,C).
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We consider the following two cases according to the type of the minimal log
resolution of (X,B):
(1) the minimal log resolution is of type 〈n, q; ∗1, ∗2〉,
(2) the minimal log resolution is of type 〈b; 〈n1, q1; ∗1〉, 〈n2, q2; ∗2〉, 〈n3, q3; ∗3〉〉.
In the first case G˜ is cyclic and in the second case G˜ is polyhedral of type
〈p1, p2, p3〉, where pi = nimi. Let us recall that polyhedral groups are either dihe-
dral 〈2, 2, n〉 or tetrahedral 〈2, 3, 3〉 or octahedral 〈2, 3, 4〉 or icosahedral 〈2, 3, 5〉.
9.3. Cyclic case
Proposition 9.3.1. Assume that the minimal log resolution of (X,D =
∑
diBi, x)
is of type 〈n, q; ∗1, ∗2〉. Then
eorb(x;X,D) =
(1− d1)(1− d2)
n
.
Proof. Since (X,D, x) is a quotient of smooth pair (C2, d1(z1 = 0) + d2(z2 = 0))
by Zn the proposition follows from Theorem 8.3 and Lemma 7.1, Q.E.D.
Remark. Proposition 9.3.1 was known; it is a local version of [Me2], Theorem 6.1;
in the case n = 1 it is also equivalent to [Ti], Lemma 2.4.
9.4. Polyhedral case
Let us recall Brieskorn’s construction [Br]. Let g: (Yˆ , F ) → (Y = C2, 0) be the
blow up of C2 at the origin. The group G acts on Yˆ . Let πˆ: Yˆ → Xˆ denote the
quotient map and let E be the image of F . We have an induced proper morphism
h: (Xˆ, E)→ (X, x), which is in fact obtained from the minimal resolution X˜ → X
by contracting chains 〈ni, qi〉 to points.
Lemma 9.4.1. ([Me2], Theorem 2.9) deg π = 4s2b0, where b0 = b −
∑ qi
ni
and
1 + 1
s
=
∑
1
pi
.
Proof. The action of G on Yˆ induces an action of G˜ on F ≃ P1 = P(C2). Hence the
ramification index over E is equal to |G||G˜| and πˆ
∗E = |G||G˜|F. Since c2(g, πˆ
∗(O(E)⊕
O(E))) = deg πˆ · c2(h,O(E)⊕O(E)), we have the equality( |G|
|G˜|F
)2
= deg πˆ · E2.
But deg πˆ = deg π = |G|, so deg π = −|G˜|2E2. It is easy to see that −E2 = b0 and
it is well known that |G˜| = 2s (see [Yo], 11.2), which proves the lemma, Q.E.D.
Theorem 9.4.2. Assume that the minimal log resolution of (X,D =
∑
diBi, x) is
of type 〈b; 〈n1, q1; ∗1〉, 〈n2, q2; ∗2〉, 〈n3, q3; ∗3〉〉. Set α =
∑ 1−di
ni
and β = min{ 1−di
ni
}.
Then
eorb(x;X,D) =

0 if α < 1 (non lc case),
(α− 1)2
4b0
if 1 ≤ α < 2β + 1,
(α− 1− β)β
b0
if α ≥ 2β + 1.
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Proof. There exists a pair (X,B =
∑
biBi, x) with fractional boundary and such
that the minimal log resolution of (X,B, x) is of the same type as that of (X,D, x).
We will use the notation introduced in 9.2.
Since G is conjugate to a unitary subgroup, we can assume that G ⊂ U(2). Let
us recall that a unitary linear transformation is called a reflection if all but one of
its eigenvalues are equal to 1. Let N be a subgroup of G generated by reflections.
Let H be the maximal finite unitary reflection subgroup of GL(2,C) containing G.
Note that |H| = 4s2 by [Yo], 11.2. It is well known that N△G and N△H. We
have natural quotient maps π1:Y = C2 → Z = C2/N , π2:Z → X = Z/(G/N),
ϕ:Y → T = Y/H and ψ:Z → T = Z/(H/N). The quotients Z and T are smooth
by [Ch], Theorem A. One can easily see that π2 is ramified only at the point x and
π1 is ramified only along irreducible curves Mi = π1
−1Bi with ramification indices
mi. The map ϕ is ramified along lines Li = ψ(Mi) with ramification indices pi.
Therefore ψ is ramified along Li with ramification indices ni and ψ
∗Li = niMi.
It follows that
π̂2∗ΩX(logD) = Ω̂Z(log
∑
diMi) = ψ̂∗ΩT (log
∑(
1− 1− di
ni
)
Li).
These equalities make sense even if the sheaves involved are not well defined on Z;
then we interpret them on appropriate coverings. Therefore by Lemma 7.1 we get
eorb(x;X,D) · deg π2 = eorb
(
0;C2;
∑(
1− 1− di
ni
)
Li
)
· degψ.
By Lemma 9.4.1 we have
degψ
deg π2
=
|H/N |
|G/N | =
|H|
|G| =
4s2
4s2b0
=
1
b0
.
Hence the theorem follows by a simple computation from Theorem 8.1, Q.E.D.
Remark. The special case of Theorem 9.4.2 when 〈p1, p2, p3〉 = 〈p1, 2, 2〉, d2 = b2
and d3 = b3 is proved in [Me2], 6.1. In this case the computation can be reduced
to a smooth log pair by covering techniques.
10. Curves in surfaces of general type
The main result of this section is an effective version of Bogomolov’s result on
boundedness of rational curves in surfaces of general type with c21 > c2 (see [Bo1]).
Part (2) of Theorem 10.1 was known for curves containing only nodes: see [Ti],
Theorem 2.8 and [LM], Theorem 3. Its generalization to all curves was conjectured
by G. Tian in [Ti], 2.7–2.9. Unfortunately, the author can prove this only for
curves with ordinary singularities. Theorem 10.1, (1) gives a result for all curves
on surfaces of positive index. It is also possible, by changing arguments slightly, to
get finiteness of rational curves in the boundary cases (cf. [Ti], Theorem 2.9).
Recently Miyaoka announced the proof of boundedness of canonical degree KSC
in terms of c21(S), c2(S) and g(C) for any surface S of general type (see [Mi3]).
Theorem 10.1. Let S be a surface of general type and let C be a curve of geometric
genus g in S.
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(1) If c21 > 2c2 then
(10.1.1) KSC ≤ (3c2 − c
2
1)(c
2
1 + c2) + max(0, 6(g − 1)c2)
c21 − 2c2
.
(2) If c21 > c2 and C has only ordinary singularities then
(10.1.2) KSC ≤ 3c2 − c
2
1 +max(0, 4g − 4)
c21 − c2
c21.
Proof. Let us fix α and let f :Y → S be a morphism obtained by composing blow
ups of points at which the strict transform of αC is not log canonical and such that
the strict transform of C has maximal multiplicity among such points. If (S, αC)
is log canonical then f is the identity map.
Let nP be the number of blow ups of infinitely near points lying over P and let
EP stand for f
−1(P ) with the reduced structure (if nP 6= 0). Let Fi,P be the total
transform on Y of the divisor obtained by the i-th blow up of an infinitely near
singular point Qi,P of C lying over P . Let mi,P be the multiplicity of Qi,P on the
strict transform of C. Then KY = f
∗KS+
∑
Fi,P and f
∗C = f−1C+
∑
mi,PFi,P .
Let E be the exceptional locus of f with the reduced scheme structure. Then
c2(Y, αf
−1C) = etop(Y − (f−1C ∪ E)) + (1− α)etop(f−1C − f−1(SingC)) + etop(E)
+
∑
y∈f−1C∩E
(eorb(y;Y, αf
−1C)− eorb(y;Y,E)) +
∑
P∈SingC−f(E)
eorb(P ;S, αC)
=
∑
P∈f(E)
etop(EP )− (1− α) + ∑
y∈f−1C∩EP
(eorb(y;Y, αf
−1C)− 1)

+
∑
P∈SingC−f(E)
(eorb(P ;S, αC)− (1− α))− αetop(C) + c2(S).
Let rP be the number of analytic branches of C passing through P . Using the
equalities
etop(C) = 2− 2g −
∑
P∈SingC
(rP − 1)
and
(KY + αf
−1C)2 = (KS + αC)2 + c21(f,KY + αf
−1C)
one can show that
3c2(Y, αf
−1C)− (KY + αf−1C)2 = 3c2 − c21 + 3α(2g − 2)− 2αKSC − α2C2
+
∑
P∈SingC−f(E)
AP +
∑
P∈f(E)
(BP,1 +BP,2),
where
AP = 3(eorb(P ;S, αC) + rPα− 1),
BP,1 = 3αrP + 3
∑
y∈f−1C∩EP
(eorb(y;Y, αf
−1C)− 1)
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and
BP,2 = 3etop(EP )− 3−
(
nP∑
i=1
(1− αmi,P )Fi,P
)2
.
Let mP denote the multiplicity of C at P . Note that by Corollary 7.8
(10.1.3) AP ≤ 3
((
1− mPα
2
)2
+ rPα− 1
)
≤ 3
4
α2m2P ≤
3
2
α2mP (mP − 1).
Letmy be the multiplicity of f
−1C at y ∈ f−1C∩EP . Ifmy = 1 then eorb(y;Y, αf−1C) =
1− α. If my ≥ 2 then eorb(y;Y, αf−1C) ≤ (1− αmy2 )2 by Corollary 7.8. Hence
BP,1 ≤ 3αrP − 3α
∑
y∈f−1C∩EP
my +
3
4
α2
∑
my≥2
m2y.
Since
∑
y∈f−1C∩EP my ≥ rP and
∑
my≥2m
2
y ≤
∑
my≥2(m
2
y + my(my − 2)) =∑
y∈f−1C∩EP 2my(my − 1) we get
(10.1.4) BP,1 ≤ 3
2
α2
∑
y∈f−1C∩EP
my(my − 1).
Since F 2i,P = −1 and Fi,PFj,P = 0 for i 6= j and EP is a tree of rational curves we
get
(10.1.5) BP,2 = 3nP +
np∑
i=1
(1− αmi,P )2 =
np∑
i=1
(4− 2αmi,P + α2m2i,P ).
Since we blow up only non lc points we have αmi,P > 1. Now we distinguish two
cases depending on the assumptions.
(1) Fix a real number γ. If α ≤ γ3+γ then mi,P ≥ mi,Pα( 3γ + 1) > 3γ + 1 and
4−2αmi,P +α2mi,P < 3α2mi,P +α2(γmi,P−3−γ)mi,P = α2(3+γ)mi,P (mi,P −1).
Therefore by (10.1.4) and (10.1.5)
BP,1 +BP,2 ≤ 3
2
α2
∑
y∈f−1C∩EP
my(my − 1) + (3 + γ)α2
∑
i
mi,P (mi,P − 1)
≤ (3 + γ)α2
∑
Q→P
mQ(mQ − 1),
where the sum
∑
Q→P is taken over all infinitely near points of C lying over P
(including P ).
Since the pair (Y, αf−1C) is log canonical Theorem 0.1 implies that
(KY + αf
−1C)2 ≤ 3c2(Y, αf−1C).
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Therefore by (10.1.3) and by the above we have
2αKSC + α
2C2 − 3c2 + c21 − 3α(2g − 2) ≤ (3 + γ)α2
∑
Q
mQ(mQ − 1)
= (3 + γ)α2 ((KS + C)C − (2g − 2))
for α ≤ γ3+γ , where the sum
∑
Q is taken over all infinitely near points of C.
Set x = KSC. Using the Hodge index theorem we have C
2 ≤ x2
K2
S
. Substituting
into the above inequality we get
(10.1.6) βα2 − 2(x− 3(g − 1))α+ 3c2 − c21 ≥ 0,
where β = (2+γ)(x+ x
2
K2
S
)+x−(2g−2)(3+γ). If β ≤ 0 then substituting α = γ3+γ
into (10.1.6) we get
x ≤ 3(g − 1) + 3 + γ
2γ
(3c2 − c21).
Otherwise, set α0 =
x−3(g−1)
β
. Then we can rewrite the above inequality in the
following form:
β(α− α0)2 + 3c2 − c21 ≥ βα20
for 0 ≤ α ≤ γ3+γ . We have three possibilities:
(1.1) either α0 ≥ γ3+γ , or
(1.2) α0 < 0, in which case x < 3(g − 1) or
(1.3) 0 < α0 ≤ γ3+γ . Then we can set α = α0 and then we get βα20 ≤ 3c2 − c21.
If we set γ =
c2
1
c2
− 2 then in all the cases we get the inequality (10.1.1) by
straightforward computations.
(2) By construction mQnP ≤ mQnP−1 ≤ · · · ≤ mQ1 = mP . So if the strict
transform of C has an ordinary singularity at QnP then αmi,P ≥ αmnP ,P > 2 and
mi,P ≥ 3. (Otherwise, the strict transform of αC is lc at QnP , a contradiction.)
Hence in this case
BP,2 ≤ α2
np∑
i=1
m2i,P +
1
2
α2
∑
mi,P (mi,P − 3) = 3
2
α2
∑
mi,P (mi,P − 1).
As in (1) this, together with (10.1.3), yields
2αKSC + α
2C2 − 3c2 + c21 − 3α(2g − 2) ≤
3
2
α2 ((KS + C)C − (2g − 2)) .
As in (1) we can use the Hodge index theorem. Then the inequality (10.1.2) follows
by straightforward computations, Q.E.D.
Remark. It should be possible to improve the above method to bound KSC for all
curves on surfaces with c21 > c2. It is easy to give such a bound in terms of c
2
1, c2, g
and the maximal multiplicity of points occuring on C.
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11. Plane curves
11.1. Let C be a reduced curve on a smooth surface X . Then
etop(C) = −(KX + C)C +
∑
P∈SingC
µP ,
where µP is a Milnor number of C at P . Therefore, if (X,αC) is log canonical and
KX + αC is pseudoeffective then we can rewrite the inequality in Corollary 5.2 in
the following form:
(11.1.1)
∑
P∈SingC
3(α(µP−1)+1−eorb(P ;X,αC)) ≤ 3c2−c21+αKXC+(3α−α2)C2.
11.2. Curves with a maximal number of cusps.
Theorem 9.4.2 can be applied to study a large class of singularities, including
all simple curve singularities. For example, if C has an ordinary cusp x2 = y3 at
0 ∈ C2 then
eorb(0;C
2, αC) =

1− 2α if 0 ≤ α ≤ 1
6
,
3
2
(
α− 5
6
)2
if
1
6
≤ α ≤ 5
6
,
0 if
5
6
≤ α ≤ 1 (non lc case).
If we apply this result to the pair (P2,
√
73−1
24
C) then we get the following bound
on the maximal number s(d) of ordinary cusps on a plane curve (with simple sin-
gularities only) of degree d:
(11.2.1) lim sup
d→∞
s(d)
d2
≤ 125 +
√
73
432
.
This problem was considered by Hirzebruch in [Hr2], Section 8, where one can find
the bound 5
16
. Hirano [Hn], Corollary 3, exhibited examples with
lim sup
d→∞
s(d)
d2
≥ 9
32
,
but the author’s hope is that (11.2.1) is optimal.
11.3. Arrangements of lines.
An arrangement of k lines is a set of k distinct lines in P2. Let tr be the number
of points lying on exactly r lines of the arrangement.
Proposition 11.3.1. If tr = 0 for r >
2
3
k (i.e., the arrangement “does not contain
large pencils”) then
(11.3.1.1)
∑
r≥2
rtr ≥
⌈
1
3
k2 + k
⌉
and
∑
r≥2
r2tr ≥
⌈
4
3
k2
⌉
.
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Proof. Let C be a sum of lines in the arrangement. By assumption there exists
α such that KP2 + αC is nef and (P
2, αC) is log canonical. If we apply inequality
(11.1.1) and Theorem 8.7 to any such α and use
∑
r≥2 trr(r − 1) = k(k − 1) then
we get required inequalities, Q.E.D.
11.3.2. Example.
Equality holds in (11.3.1.1) for almost all arrangements coming from reflection
groups (see [Hr1], (1.2)). The only arrangements for which equality fails are some
real arrangements.
For example there exists an arrangement of lines A03m coming from a unitary
reflection group for which k = 3m, t3 = m
2, tm = 3 and tr = 0 for all other r.
Hence we have infinitely many examples for which equality holds in (11.3.1.1).
References
[Bo1] F. A. Bogomolov, Families of curves on a surface of general type, Soviet Math. Dokl.
18 (1977), 1294–1297.
[Bo2] , Holomorphic tensors and vector bundles on projective varieties, Math. USSR
Izv. 13 (1979), 499–555.
[Br] E. Brieskorn, Rationale Singularita¨ten komplexer Fla¨chen, Invent. Math. 4 (1968), 336–
358.
[CCMN] F. Caldero´n-Moreno, F. Castro-Jime´nez, D. Mond, L. Narva´ez-Macarro, Logarithmic
cohomology of the complement of a plane curve, Warwick preprint: 03/1999.
[Ch] C. Chevalley, Invariants of finite groups generated by reflections, Amer. J. Math. 77
(1955), 778–782.
[E] D. Einsenbud, Homological algebra on a complete intersection, with an application to
group representations, Trans. Amer. Math. Soc. 260 (1980), 35–64.
[EV] H. Esnault, E. Viehweg, Lectures on vanishing theorems, DMV seminar 20, 1992.
[Hn] A. Hirano, Construction of plane curves with cusps, Saitama Math. J. 10 (1992), 21–24.
[Hr1] F. Hirzebruch, Arrangements of lines and algebraic surfaces, Arithmetic and Geometry,
Prog. Math. 36 (1983), 113–140.
[Hr2] , Singularities of algebraic surfaces and characteristic numbers, Contemp. Math.
58 (1986), 141–155.
[Hz] R. Holzapfel, Ball and surface arithmetics, Aspects of MathematicsE29, Vieweg, Braun-
schweig, 1998.
[KMM] Y. Kawamata, K. Matsuda, K. Matsuki, Introduction to the minimal model program,
Adv. Stud. Pure Math. 10 (1987), 283–360.
[Kob] R. Kobayashi, Uniformization of complex surfaces, Adv. Stud. Pure Math. 18 (1990),
313–394.
[KNS] R. Kobayashi, S. Nakamura, F. Sakai, A numerical characterisation of ball quotients for
normal surfaces with branch loci, Proc. Japan Acad. Ser. A 65 (1989), 238–241.
[Kol] J. Kolla´r, Singularities of pairs, in Proc. of Symposia in Pure Math. 62, 1997, pp. 221–
287.
[KM] J. Kolla´r, S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Math-
ematics 134, Cambridge University Press, 1998.
[La1] A. Langer, Chern classes of reflexive sheaves on normal surfaces, Math. Z. 235 (2000),
591–614.
[La2] , Adjoint linear systems on normal surfaces II, J. Algebraic Geom. 9 (2000),
71–92.
[La3] , The Bogomolov–Miyaoka–Yau inequality for log canonical surfaces, to appear
in J. London Math. Soc., http://www.mimuw.edu.pl/∼jarekw/EAGER/alan2.ps.
[La4] , Adjoint linear systems on normal log surfaces, to appear in Comp. Math., ICTP
preprint (1999).
[LM] S. Lu, Y. Miyaoka, Bounding curves in algebraic surfaces by genus and Chern numbers,
Math. Research Letters 2 (1995), 663–676.
[Me1] G. Megyesi, Chern classes of Q-sheaves, in Flips and abundance for algebraic threefolds
(J. Kolla´r, ed.), Aste´risque 211, 1992, Chapter 10.
ORBIFOLD EULER NUMBER 37
[Me2] , Generalisation of the Bogomolov–Miyaoka–Yau inequality to singular surfaces,
Proc. London Math. Soc. (3) 78 (1999), 241–282.
[Mi1] Y. Miyaoka, On the Chern numbers of surfaces of general type, Invent. Math. 42 (1977),
225–237.
[Mi2] , The maximal number of quotient singularities on surfaces with given numerical
invariants, Math. Ann. 268 (1984), 159–171.
[Mi3] , Canonical degree of curves on a minimal surface, MPI Bonn preprint 128/1998.
[Sai1] K. Saito, Quasihomogene isolierte Singularita¨ten von Hyperfla¨chen, Invent. Math. 14
(1971), 123–142.
[Sai2] , Theory of logarithmic differential forms and logarithmic vector fields, J. Fac.
Sci. Univ. Tokyo Sect. IA Math. 27 (1980), 265–291.
[Sak] F. Sakai, Semi-stable curves on algebraic surfaces and logarithmic pluricanonical maps,
Math. Ann. 254 (1980), 89–120.
[Ti] G. Tian, Ka¨hler–Einstein metrics on algebraic manifolds, in Transcendental Methods
in Algebraic Geometry (F. Catanese, C. Ciliberto, ed.), Lecture Notes in Math. 1646,
1996, pp. 143–185.
[Wa1] J. Wahl, Vanishing theorems for resolutions of surface singularities, Invent. Math. 31
(1975), 17–41.
[Wa2] , Second Chern class and Riemann–Roch for vector bundles on resolutions of
surface singularities, Math. Ann. 295 (1993), 81–110.
[Wa3] ,Miyaoka–Yau inequality for normal surfaces and local analogues, Contemporary
Mathematics 162 (1994), 381–402.
[Yo] M. Yoshida, Fuchsian differential equations, Aspects of Mathematics E11, Vieweg,
Braunschweig, 1987.
[Za] O. Zariski, Le proble´me des modules pour les branches planes, E´cole Polytechnique,
Paris, 1973.
Adrian Langer: 1. Mathematics Institute, Warwick University, Coventry CV4
7AL, U.K.
E-mail address: langer@maths.warwick.ac.uk
2. Instytut Matematyki UW, ul. Banacha 2, 02–097 Warszawa, Poland
E-mail address: alan@mimuw.edu.pl
